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We develop a general method allowing one to construct the consistent theory of light pulse prop-
agation through an atomic medium in arbitrary nonlinear regime with respect to the field strength,
taking into account the light polarization, temporal (frequency) and spatial dispersions. The method
is based on the reduced Maxwell equation, atomic density matrix formalism and adiabatic approx-
imation. In order to demonstrate the efficiency of our method we investigate in detail the case of
propagation of the polarization pulse under conditions of coherent population trapping in a medium
of two-level atoms with degenerate energy levels. Equations describing the evolution of various field
parameters are derived. It is shown that pulses of ellipticity and spatial orientation of polarization
ellipse propagate with slowing. Analytical expressions for the slowing factor are obtained. A previ-
ously unknown effects of the stimulated phase modulation and the generation of a phase pilot pulse
by the variation of spatial orientation of the polarization ellipse are predicted. In addition, we show
that the spatial dispersion can be interpreted as “wind effects”.
PACS numbers: 42.25.Ja, 42.50.Gy, 42.65.-k
I. INTRODUCTION
Theoretical treatment of light pulse propagation
through a resonant atomic medium (in the context of the
classical Lorentz oscillator model) was first performed by
Sommerfeld and Brillouin [1–3] in early 20th century. In-
vention of laser opened a way for experimental investiga-
tions of various resonance effects [4]. The pioneer works
on extreme slowing of light pulses [5, 6] led to surge of
interest to resonant medium with a steep dispersion in
the regime of electromagnetically induced transparency
(EIT) [7, 8]. Nowadays many theoretical and experimen-
tal studies on the group velocity control in various media
(atomic vapor, photonic crystals, optical fibers, semicon-
ductor structures, microcavities, etc.) are carried out
[9]. Such attention to this field is primarily caused by
promising prospects of the implementation of optical de-
vices for information (including quantum) transmission,
processing, and storage, which differ from similar elec-
tronic devices in a considerably faster operation, a higher
noise immunity, and ability to preserve confidentiality of
the transmitted information [10–14]. In addition, the co-
herent effects underlying the “slow” light result in giant
Kerr nonlinearity [5] that is actively applied in nonlinear
optics [8, 9, 15].
It should be noted that phenomena, related to the
light propagation through a medium, are very diverse. A
wide range of possible variations of radiation parameters
and variety of media lead to a great number of physical
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problems. Therefore, when solving a particular prob-
lem, it is reasonable at the initial stage to use a rough
physical model, which, in process of development, be-
comes considerably complicated and includes more and
more effects. For example, the scalar model of field and
the model of non-degenerate atomic energy levels are
widespread in optics and spectroscopy. Although such
approach to number of problems is quite adequate and
qualitatively agrees with many experiments, but never-
theless it is restrictive. In reality, the light field has a
vector nature, and the energy levels of atoms are degen-
erate with respect to the angular momentum projection.
Consequently, the polarization aspect of the atom-field
interaction can play a key role in description of some
phenomena and processes. At the same time, this direc-
tion of research is not well developed. In overwhelming
majority of works, related to the light propagation, only
the amplitude modulation of wave is considered in the
framework of scalar model. However, the polarization
(elliptical in the general case) and its spatial orientation
are degrees of freedom as well as the amplitude and the
phase. Therefore, the account for the polarization aspect
should lead to discovery of qualitatively new effects. Es-
pecially it concerns nonlinear regimes of the atom-field
interaction, as it was repeatedly demonstrated in our
works for a number of spectroscopic and laser cooling
problems [16–19].
In this paper, we develop a general approach to the
propagation of light pulses in a resonant atomic media,
which is based on the reduced Maxwell equation for the
vector electromagnetic field and the atomic density ma-
trix formalism with taking into account the Zeeman de-
generacy of energy levels. The treatment is performed be-
2the density matrix the adiabatic approximation is used,
according to which the solution is found in the form of
series in spatial and time derivatives of the slowly vary-
ing field envelope. This approach allows us to derive
the nonlinear reduced Maxwell equation with account
for the effects of temporal and spatial dispersions. As
a concrete example, we study the propagation of ellip-
tically polarized pulses through a gas of resonant atoms
being in the coherent population trapping (CPT) state.
It is known that CPT is one of the nonlinear interfer-
ence effects. Its essence consists in that, under certain
conditions, atoms are accumulated in a special coherent
state (so-called dark state), which does not interact with
the resonance field [20–23]. We derive an analytical ex-
pression for the group velocity of elliptically polarization
pulses for all dark transitions J → J (J is integer) and
J ′ → J ′ − 1 (J ′ is arbitrary), which were found and de-
scribed in the paper [23]. Moreover, a novel effect of the
stimulated phase modulation induced by the rotation of
the polarization ellipse (i.e. the rotation of the major
axes to some angle in the ellipse plane) is predicted. A
particular interest is connected with the fact that at the
medium entrance two light pulses, propagating at the
different velocities, are generated. One of them moves at
the speed of light in vacuum c, which we call the “pilot”
pulse, and the other is slow pulse, which velocity can
be substantially less than c. It is remarkable that this
nontrivial nonlinear effect occurs only in the elliptically
polarized field and disappears for the cases of linear or
circular polarization.
The paper is organized in the following way. In Sec-
tion II we formulate the problem of slow light pulse prop-
agation in a resonant atomic medium and present the
basic equations. Section III describes the mathemati-
cal formalism of the adiabatic approach used to solve
this problem. Section IV is devoted to the exploration
of elliptically polarized pulses in the medium of motion-
less atoms under CPT conditions. In Section V we show
that the motion of atoms in a gas results in the effects
of spatial dispersion. Discussion of the main results is
given in Section VI. In the appendixes A and B we de-
rive the coefficients that determine the velocity of pulses
for transitions J → J (J is integer) and J ′ → J ′ − 1 (J ′
is arbitrary), respectively.
II. FORMULATION OF THE PROBLEM
We consider the propagation of a plane electromagnetic
wave through an ensemble of resonant two-level atoms
with an arbitrary optical transition Jg → Je, where Jg
and Je are the total angular momenta of the ground and
excited states, respectively. First, in order to simplify
the problem and clarify the description of material, we
assume that atoms to be motionless. The scheme of light-
induced transitions is shown in Fig. 1, when the quanti-
zation axis is chosen along the wave vector k.
Let us factor out the rapid space-time oscillations of
FIG. 1. Scheme of light-induced transitions.
the electric field vector E and the medium polarization
vector P
E = E˜(t, z)e−i(ωt−kz) + c.c.,
P = P˜(t, z)e−i(ωt−kz) + c.c.,
(1)
where E˜(t, z) and P˜(t, z) are the slowly varying ampli-
tudes, k = ω/c is the wave number, ω is the frequency
of electromagnetic wave, c is the speed of light in free
space. The slowly varying amplitude E˜ satisfies the re-
duced Maxwell equation(
∂
∂ z
+
1
c
∂
∂ t
)
E˜(t, z) = 2ipikP˜(t, z). (2)
The expression for polarization generated in the atomic
medium by the applied electromagnetic field can be ob-
tained from the definition of polarization vector P as the
average dipole moment per unit volume:
P = NaTr{dˆρˆ}, (3)
where Na is the density of atoms, dˆ is the dipole mo-
ment operator, ρˆ is the one-atomic density matrix. The
quantum kinetic equation for ρˆ has the form
∂
∂ t
ρˆ+ Γˆ{ρˆ} = − i
~
[Hˆ0, ρˆ]− i
~
[−(dˆE), ρˆ],
Tr{ρˆ} = 1,
(4)
where Hˆ0 is the Hamiltonian of unperturbed atom, Γˆ {ρˆ}
is the operator describing relaxation processes (radiative,
collisional, flight, etc.).
The density matrix ρˆ can be separated in four matrix
blocks
ρˆ = ρˆgg + ρˆee + ρˆeg + ρˆge, (5)
which in the basis of Zeeman states |J, µ〉 have the form
ρˆab =
∑
µa,µb
ρa bµa,µb |Ja, µa〉 〈Jb, µb| , (a, b) = (e, g), (6)
where ρa bµa,µb are the matrix elements. Hereinafter the
index “g” is connected with the ground energy level of
an atom, and the index “e” is connected with the excited
one. The diagonal matrix blocks ρˆgg and ρˆee describe
the population of atomic states and the low-frequency
(Zeeman) coherences, the off-diagonal matrix blocks ρˆeg
and ρˆge (ρˆge = ρˆ
†
eg) correspond to the optical coherences.
3By factoring in the optical coherences the fast space-
time oscillations at the field frequency
ρˆeg = ˆ˜ρege
−i(ω t−k z),
ρˆge = ˆ˜ρgee
i(ω t−k z)
(7)
and using the rotating-wave approximation, we obtain
from the Eq. (4) the following system of generalized op-
tical Bloch equations (GOBE):(
∂
∂ t
− iδ
)
ˆ˜ρeg + Γˆeg{ ˆ˜ρ} = i
~
(
Vˆ ρˆgg − ρˆeeVˆ
)
, (8)(
∂
∂ t
+ iδ
)
ˆ˜ρge + Γˆge{ ˆ˜ρ} = i
~
(
Vˆ †ρˆee − ρˆggVˆ †
)
, (9)
∂ρˆee
∂ t
+ Γˆee{ ˆ˜ρ} = i
~
(
Vˆ ˆ˜ρge − ˆ˜ρegVˆ †
)
, (10)
∂ρˆgg
∂ t
+ Γˆgg{ ˆ˜ρ} = i
~
(
Vˆ † ˆ˜ρeg − ˆ˜ρgeVˆ
)
, (11)
Tr {ρˆee}+Tr {ρˆgg} = 1. (12)
Here we introduce the following notations
ˆ˜ρ = ρˆgg + ρˆee + ˆ˜ρeg + ˆ˜ρge (13)
and
Vˆ = dˆegE˜ =
∑
q=0,±1
(dˆeg)q(E˜)
q, (dˆeg)q = 〈Je| |dˆ ||Jg〉 Dˆq,
Dˆq =
∑
µg ,µe
|Je, µe〉 CJeµeJgµg1q 〈Jg, µg| , (14)
where 〈Je| |dˆ ||Jg〉 is the reduced matrix element of the
dipole moment, CJeµeJgµg1q are the Clebsch-Gordan coeffi-
cients, δ = (ω−ωeg) is the detuning of the field frequency
ω from the transition frequency ωeg.
An exact description of the light pulse propagation re-
quires a self-consistent solution of the equations for the
density matrix (8)-(12) and reduced Maxwell equation
(2) for the slowly varying field amplitude. Such a solu-
tion can be found using numerical methods, while with
increasing of the transition angular momenta calculations
become more complicated and time-taking. However, the
theoretical analysis can be significantly simplified and
clarified in the framework of adiabatic approximation of
the medium response. In particular, using the method
described below, some problems can be solved analyti-
cally.
III. DESCRIPTION OF THE METHOD
This section outlines the mathematical formalism of
the method. The restriction on the minimum pulse du-
ration, under which the field amplitude changes slightly
at a time of establishment the stationary state (the adi-
abatic approximation of the medium response) allows us
to split the problem into two successive steps. At the
first stage the density matrix and the polarization vec-
tor P˜ are calculated. The second stage is solution of the
Eq. (2) for the slowly varying amplitude E˜, taking into
account the dependence of the polarization vector on the
field vector P˜(E˜) obtained on the first step.
The system of GOBE (8)-(12) can be represented in
the operator form:
∂
∂t
ˆ˜ρ = Lˆ(E˜){ ˆ˜ρ} (15)
where Lˆ(E˜){ ˆ˜ρ} is the linear functional operator, depend-
ing on the vector E˜. We will find a solution of the
Eq. (15), using a perturbation theory, in the form of a
series on the time derivatives (of the slowly varying field
envelope):
ˆ˜ρ = ˆ˜ρ(0) + ˆ˜ρ(1) + ˆ˜ρ(2) + . . . , ˆ˜ρ(k) ∼ ∂
k
∂ tk
, (16)
i.e. the operator ∂/∂t is a “smallness parameter” of the
expansion. Substituting ˆ˜ρ in the form of series (16) into
Eq. (15) and equating terms of the same order, we obtain
the following system of equations
Lˆ{ ˆ˜ρ(0)} = 0, (17)
Lˆ{ ˆ˜ρ(1)} = ∂
∂t
ˆ˜ρ(0), (18)
Lˆ{ ˆ˜ρ(2)} = ∂
∂t
ˆ˜ρ(1), (19)
. . .
Lˆ{ ˆ˜ρ(n)} = ∂
∂t
ˆ˜ρ(n−1), (20)
supplemented by the normalization condition
Tr{ ˆ˜ρ(0)} = 1, Tr{ ˆ˜ρ(n)} = 0 (n = 1, 2, . . .). (21)
The matrix ˆ˜ρ(0), which depends on the time via the slowly
varying field amplitude E˜(t), can be fiound from Eqs. (17)
and (21). Then, substituting ˆ˜ρ(0) in the right-hand side
of Eq. (18), we calculate ˆ˜ρ(1), which will be of the first
order in ∂E˜(t)/∂t. The higher terms of the series (16)
are found in a similar way. The equations for them can
be written in the form of recurrent formula (20).
From (1), (3), (5) and (7) we obtain the expression for
the slowly varying amplitude P˜:
P˜(t, z) = NaTr{dˆge ˆ˜ρeg}, (22)
Then, substituting ˆ˜ρeg in the last expression in the form
of the series (16), we find
P˜ = NaTr{dˆge ˆ˜ρ(0)eg }+Na Tr{dˆge ˆ˜ρ(1)eg }+ . . . , (23)
which can be represented in the following form:
P˜(t, z) = P˜(0) + P˜(1) + P˜(2) + . . . , (24)
4where the first two terms can be written as following
expressions:
P˜
(0) = Mˆ
(0)
1 E˜+ Mˆ
(0)
2 E˜
∗,
P˜
(1) = Mˆ
(1)
1
∂E˜
∂t
+ Mˆ
(1)
2
∂E˜∗
∂t
. (25)
In the general case, the matrices Mˆ
(0)
1,2 and Mˆ
(1)
1,2 depend
on the electric field vector E˜ and its complex conjugate
E˜
∗.
The first term P˜(0) of the expansion (24) corresponds
to the steady-state solution for ˆ˜ρ(0) (see Eq. (17)), the
second term P˜(1) takes into account the dispersion of the
medium and determines the propagation velocity of the
slow field envelope, the third term P˜(2) is responsible for
the group velocity dispersion and the pulse shape dis-
tortion. The remaining terms of the series (24) describe
higher order dispersion. In this work, we focus only on
the first two terms P˜(0) and P˜(1).
It is obviously that the described above the mathemat-
ical procedure for the density matrix and the medium po-
larization vector (as a series expansion on ∂k/∂ tk) can
be easily extended to a configuration with an arbitrary
number of energy levels and any number of light waves.
IV. PULSE PROPAGATION
In this section we investigate the case of the resonant
light pulses propagation in a medium with a dark tran-
sition Jg → Je. The feature of this transition consists
in that there is so-called dark state, which is a coherent
superposition of the ground state sublevels and does not
interact with light field: Vˆ |dark〉 = 0 [23].
In the absence of relaxation in the ground state and
taking into account only the radiative relaxation of the
exited level Je, we find that the vectors P˜
(0) and P˜(1)
have the form
P˜
(0) = 0,
P˜
(1)(t, z) = i~NaMˆ
∂
∂ t
E˜,
(26)
where the elements of the matrix Mˆ are given by formu-
las (A18) and (B9) for the transitions J → J (J is inte-
ger) and J ′ → J ′ − 1 (J is arbitrary), respectively (see
Appendices A and B). Comparing (26) with the general
formulae (25), we see that Mˆ
(0)
1,2 = Mˆ
(1)
2 = 0, Mˆ
(1)
1 ≡ Mˆ ,
that is conditioned by the peculiarity of dark transitions.
Let us use the real amplitude A, the common phase α
and the unit complex polarization vector e to parametrize
the vector E˜:
E˜ = Aeiα e, e =
∑
q
e qeq, (27)
where eµ are the contravariant components of vector e.
In the cyclic basis
{
e0 = ez, e±1 = ∓(ex ± iey)/
√
2
}
the
vector e has the form
e = − cos (ε− pi/4)e−iφe+1 − sin (ε− pi/4)eiφe−1, (28)
where ε is the ellipticity angle and φ is the orientation
angle of the light polarization ellipse in space, as shown
in Fig. 2. Thus, a set of the real-valued parameters
{A,α, ε, φ} fully describes state of the light field, it has
a transparent physical meaning and represents the nat-
ural parametrization of the electric field vector. Each of
these parameters should be considered as an independent
function of the time t and the spatial coordinate z.
FIG. 2. Parametrization of the polarization vector e (28).
It can be shown that vectors e and e0 are the eigenvec-
tors of matrix Mˆ with zero eigenvalues m = 0 m0 = 0,
respectively:
Mˆe = 0, Mˆe0 = 0. (29)
The third eigenvector e⊥
Mˆe⊥ = m⊥e⊥ (30)
is found as the orthogonal to the first two (e⊥ = [e×e0]):
e⊥ = sin (ε− pi/4)e−iφe+1 − cos (ε− pi/4)eiφe−1 (31)
and can be expressed as follows
e⊥ =
∂ e
∂ ε
. (32)
Using the representation of the vector E˜ in the form (27)
we calculate its derivatives with respect to space and time
variables (η = z, t):
∂E˜
∂ η
=
(
∂A
∂η
+ iA
∂α
∂η
)
eiαe+Aeiα
(
∂ε
∂η
∂ e
∂ε
+
∂φ
∂η
∂ e
∂φ
)
.
(33)
Since the vectors e and e⊥ are mutually orthogonal
(e∗ · e⊥ = 0) and the vector ∂ e/∂φ lies in the same plane,
then ∂ e/∂φ can be represented as a linear combination
of e and e⊥:
∂ e
∂φ
= −i sin (2ε)e− i cos (2ε)e⊥. (34)
5Then
∂E˜
∂ η
=
(
∂A
∂η
+ iA
∂α
∂η
− iA sin (2ε)∂φ
∂η
)
eiαe+
+ A
(
∂ε
∂η
− i cos (2ε)∂φ
∂η
)
eiαe⊥. (35)
From (26), (35) (η = t) and taking into account (29),
(30) we obtain the expression for the medium polariza-
tion vector
P˜(t, z) = i~Nam⊥Ae
iα
[
∂ε
∂ t
− i cos (2ε)∂φ
∂ t
]
e⊥. (36)
Substituting the last expression in the reduced Maxwell
equation (2), after some mathematical transformations,
we obtain the full system of equations, which describes
the space-time evolution of real-valued field parameters(
∂
∂z
+
1
c
∂
∂t
)
A = 0, (37)(
∂
∂z
+
1
c
[1 + s(ε, A)]
∂
∂t
)
ε = 0, (38)(
∂
∂z
+
1
c
[1 + s(ε, A)]
∂
∂t
)
φ = 0, (39)(
∂
∂z
+
1
c
∂
∂t
)
α− sin (2ε)
(
∂
∂z
+
1
c
∂
∂t
)
φ = 0. (40)
Here
s(ε, A) = 2piNa~ωm⊥(ε, A) (41)
is the coefficient determining the slowing-down of pulses.
It depends on the field amplitude A and ellipticity ε, and
is independent of the angle φ and phase α. Derivation of
the expression for the quantity m⊥ in analytical form is
sufficiently cumbersome and is given in Appendices: for-
mula (A31) for the transition J → J and formula (B26)
for the transition J ′ → J ′ − 1.
Notable is the fact that the differential equations (37)-
(40) on the field parameters are “decoupled” and form
a hierarchy, that is for each subsequent solution of the
equation is required to find solutions of the previous
equations. Generally, there are four types of waves cor-
responding to the modulation of the amplitude A, ellip-
ticity ε, orientation angle of the polarization ellipse φ,
and phase α. From the first equation (37) it is seen that
the amplitude modulation travels at the velocity of light
in free space and it is of no interest. The second (38)
and third (39) equations are more remarkable, they im-
ply that the pulses of ellipticity ε(t, z) and angle φ(t, z)
propagate with slowing. At the same time, in contrast
to the ellipticity wave, the differential equation for φ is
linear. Consequently, if the amplitude and the elliptic-
ity are stationary (A = const, ε = const) then the pulse
of angle propagates without distortions at group velocity
vg = c/(1 + s), i.e. φ = φ (t− z/vg). Time delay, in this
case, is easily retuned in a wide range by modifying the
ellipticity or amplitude. For some applications, it can be
more convenient to modulate just the orientation angle
of the polarization ellipse (“to waggle” the axis of ellipse)
rather than the ellipticity. If in this case a polarizer is
placed at the output of the cell, the modulation of the
angle is transformed to intensity modulation.
Note that a close problem was solved by Zelenskii and
Mironov [26]. They derived the equations describing the
evolution of the field in terms of the complex polarization
parameter q and intensity. They also found numerically
the slowing factor s for some dark transitions in the for-
malism of the state amplitudes. In our parametrization,
the quantity q from [26] has the form
q = e+1/e−1 = − tan (ε+ pi/4) e−i2φ, (42)
i.e. the complex parameter q depends on two real pa-
rameters ε and φ. From (38) and (39) it can be easily
shown that any functional of the form F (ε)G(φ) (and, in
particular, q) satisfies the equation(
∂
∂z
+
1
c
[1 + s(ε, A)]
∂
∂t
)
F (ε)G(φ) = 0. (43)
At the same time, it is not obvious from [26] that arg (q)
according to its physical meaning is related to the angle
φ because such interpretation and the respective analysis
are absent in the paper [26].
However, the most interesting effects is the anomalous
behavior of the phase α(t, z) (see Eq. (40)), whose space-
time variations previously have not been considered. The
essence of this effect is that two induced pulses, fast and
slow, are generated under the rotation of the polarization
ellipse (i.e., under the modulation of the angle φ) even
despite the absence of phase perturbations at the bound-
ary. For the mathematical description of this effect, it
is necessary to solve the hierarchy of Eqs. (37)-(40) ex-
actly in the order they are written. The simplest case
is that of the constant amplitude and ellipticity. Then,
assuming that the atomic medium starts at z = 0, we
find from Eq. (39) the solution for the variation of the
angle φ(t, z) = φ (t− z/vg), where vg = c/[1 + s(ε, A)] is
group velocity, and from Eq. (40) we obtain the stimu-
lated solution for the phase α
α(t, z) = α0 + sin (2ε) [φ (t− z/vg)− φ (t− z/c)] , (44)
which satisfies the boundary condition α(t, z = 0) = α0.
As is seen from Eq. (44), two phase pulses simultane-
ously emerge under the rotation of the light polarization
ellipse. One of them ∝ φ (t− z/c) is a “pilot” pulse and
it moves at the speed of light in free space c. The second
pulse ∝ φ (t− z/vg) moves synchronously with the angle
modulation. Remarkably, this effect can be observed only
in elliptically polarized light and disappears for linear or
circular polarization. In the case of linear polarization
(ε = 0), it follows directly from Eqs. (40), (44). For the
circular polarization (ε = ±pi/4) the notion of spatial
orientation angle φ is meaningless. Indeed, putting in
6expression (28) ε = ±pi/4, the electric field vector can
be written as E˜ = A exp(iα′)e±1 and instead the sys-
tem (37)-(40) we have only two equations of the form
∂X/∂z + 1/c ∂X/∂t = 0 for the amplitude A and phase
α′.
Note that the propagation dynamics of the polarization
pulses in vacuum (Na = 0) is described by the system of
Eqs. (37)-(40) at s(ε, A) = 0. Although the formal re-
lation between the phase α and angle φ (see Eq. (40))
remains the same as for the atomic medium with CPT,
however, taking into account equation (39) at s = 0, we
find that the phase α in vacuum satisfies the homoge-
neous differential equation(
∂
∂z
+
1
c
∂
∂t
)
α = 0 (45)
and is independent of the angle φ. Thus, the effect of
stimulated excitation of phase pulses under the rotation
of the polarization ellipse is absent in vacuum.
V. INFLUENCE OF THE ATOMIC MOTION
(SPATIAL DISPERSION)
Effects caused by the spatial dispersion represent a
great interest. The idea of using a strong spatial dis-
persion of refractive index for the effective control of the
light pulses velocity in gas of Λ-atoms was proposed in
[27]. Therefore, it arises the natural question: how the
spatial dispersion effects are described in our approach.
The spatial nonlocality of the medium response due to
the atomic motion, can be taken into consideration by
replacing ∂/∂t ⇒ (∂/∂t+ uz ∂/∂z) in the equation (4):(
∂
∂ t
+ uz
∂
∂ z
)
ρˆ+ Γˆ{ρˆ} = − i
~
[
Hˆ0, ρˆ
]
− i
~
[
−(dˆE), ρˆ
]
,
(46)
where the Wigner density matrix ρˆ(t, z, uz) depends on
the atomic velocity uz. Assuming now (∂/∂t+ uz ∂/∂z)
as small quantity of the density matrix expansion (16),
instead of the system (17)-(20) we have the following
equations:
Lˆ{ ˆ˜ρ(0)} = 0, (47)
Lˆ{ ˆ˜ρ(1)} =
(
∂
∂t
+ uz
∂
∂z
)
ˆ˜ρ(0), (48)
. . .
Lˆ{ ˆ˜ρ(n)} =
(
∂
∂t
+ uz
∂
∂z
)
ˆ˜ρ(n−1). (49)
In this case the operator Lˆ{...} arises from Eq. (15) by
the replacing δ ⇒ (δ − kuz).
Repeating the similar described above calculating pro-
cedure for the vectors P˜(0) and P˜(1) we obtain
P˜(t, z, uz) = Mˆ
(0)
1 (uz)E˜+ Mˆ
(0)
2 (uz)E˜
∗ +
Mˆ
(1)
1 (uz)
(∂E˜
∂ t
+ uz
∂E˜
∂ z
)
+ Mˆ
(1)
2 (uz)
(∂E˜∗
∂ t
+ uz
∂E˜∗
∂ z
)
.
(50)
In Eq. (2) for the slowly varying field amplitude the po-
larization vector P˜(t, z, uz) must be averaged over atomic
velocity: (
∂
∂ z
+
1
c
∂
∂ t
)
E˜(t, z) = 2ipik〈P˜〉uz , (51)
where
〈P˜〉uz = 〈Mˆ (0)1 〉uz E˜+ 〈Mˆ (0)2 〉uz E˜∗ + 〈Mˆ (1)1 〉uz
∂E˜
∂ t
+
〈uzMˆ (1)1 〉uz
∂E˜
∂ z
+ 〈Mˆ (1)2 〉uz
∂E˜∗
∂ t
+ 〈uzMˆ (1)2 〉uz
∂E˜∗
∂ z
.
(52)
The symbol 〈Q〉uz designates the averaging
〈Q〉uz =
∫ +∞
−∞
Q(uz)f(uz) duz
over atomic velocity distribution f(uz). Thus, exactly
the terms, which contain the spatial derivative ∂/∂z in
Eq.(52), are responsible for the spatial dispersion effects.
Let us continue the consideration of the dark transi-
tions J → J (J is integer) and J ′ → J ′ − 1 (J ′ is arbi-
trary) from the previous section. Because the matrices
Mˆ
(1)
1 = Mˆ and Mˆ
(1)
2 = Mˆ
(0)
1,2 = 0 are independent of the
atomic speed uz, the polarization vector P˜(t, z) is given
by the expression
P˜(t, z) = i~NaMˆ
∂E˜
∂ t
+ i~Nau¯Mˆ
∂E˜
∂ z
, (53)
where u¯ = 〈uz〉uz is the atomic average velocity along
the wave vector k (i.e. along the z-axis).
Thus, instead of Eq. (37)-(40) the evolution of the field
parameters is described now by the following equations
∂A
∂ z
+
1
c
∂A
∂ t
= 0, (54)[
1 +
u¯s(ε, A)
c
]
∂ε
∂ z
+
1
c
[1 + s(ε, A)]
∂ε
∂ t
= 0, (55)[
1 +
u¯s(ε, A)
c
]
∂φ
∂ z
+
1
c
[1 + s(ε, A)]
∂φ
∂ t
= 0, (56)
∂α
∂ z
+
1
c
∂α
∂ t
− sin (2ε)
(
∂φ
∂ z
+
1
c
∂φ
∂ t
)
= 0. (57)
To transform the Eqs. (55) and (56) to the canonical form
we divide them by coefficient [1 + u¯s(ε, A)/c] in front of
the space derivative:
∂ε
∂ z
+
1 + s(ε, A)
c+ u¯s(ε, A)
∂ε
∂ t
= 0, (58)
∂φ
∂ z
+
1 + s(ε, A)
c+ u¯s(ε, A)
∂φ
∂ t
= 0. (59)
From these equations we see that the group velocity of
the pulses propagating in atomic gas is given by
vg =
c+ u¯s(ε, A)
1 + s(ε, A)
≈ c
s(ε, A)
+ u¯ (if s(ε, A)≫ 1). (60)
7Let us consider two cases. First case, atoms in gas obey
maxwellian distribution with peak at uz = 0:
f(uz) =
1
uT
√
pi
exp
(
− u
2
z
u2T
)
, (61)
where uT =
√
2kBT/ma is the most probable thermal ve-
locity. Then the atomic average velocity vanishes u¯ = 0.
Therefore, the system of equations for the field param-
eters (54)-(57) takes the same form as for motionless
atoms (37)-(40). Other situation, the velocity distribu-
tion has a selected speed u0, i.e. it is shifted from zero
(for example, the case of pulse propagation in a flow of
atoms):
f˜(uz) =
1
uT
√
pi
exp
(
− (uz − u0)
2
u2T
)
. (62)
In this case, the average velocity of the atoms is different
from zero u¯ 6= 0. Consequently, rate of atomic flow u0
is another parameter that allows to control the speed
of the polarization pulses. Analyzing the formula (60),
same the work [27] for Λ-system it can be identified three
regimes:
a) 0 < vg < c, b) vg < 0, c) vg = 0. (63)
The regime b occurs if atoms move opposite to the light
pulses and u¯ < −c/s(ε, A), the regime c corresponds to
the condition u¯ = −c/s(ε, A), in all other cases take place
the regime a. Note that in contrast to work [27] our
results (including the formula (60)) are obtained outside
of the linear approximation on the weak field.
Performed above analysis demonstrates that the spa-
tial dispersion effects in the atomic gas are closely related
to the movement of atoms and these effects can be inter-
preted as the effects of spatial transfer of the medium po-
larization. Indeed, when light pulse moving opposite to
the atomic flow (u¯ < 0), then the “wind slowing-down”
of the pulse occurs. And vice versa, by co-directional
movement of light and gas flow (u¯ > 0) the pulse group
velocity rises relative to the flow absence (u¯ = 0), i.e. the
“wind speeding-up” of the light pulses occurs.
Note, that in the considered case of the dark transi-
tions the matrices Mˆ
(1)
1 and Mˆ
(1)
2 are independent of the
atomic speed uz and the one-photon detuning δ, because
we investigate the idealized case of a plane wave and
take into account only the radiative relaxation. How-
ever, in the more realistic case of transversally limited
light beams and/or considering the collisional decoher-
ence in the ground state, the matrices Mˆ
(1)
1 and Mˆ
(1)
2 will
depend on both the velocity of atoms and the one-photon
detuning. Changing the one-photon detuning δ we pick
out a group of atoms satisfying condition δ = kuz, which
resonantly interact with the laser field. As a result,
〈uzMˆ (1)1,2 〉uz 6= 0 in the general case even for a symmetric
velocity distribution (including the maxwellian distribu-
tion (61)) at δ 6= 0. Thereby, mentioned above the “wind
effects” will be determined by the speed of the resonance
atomic group (δ = kuz).
VI. CONCLUSION
In the present paper, we developed the general method,
which allows us in the adiabatic approximation sequen-
tially to describe a process of the optical pulses propa-
gation in arbitrary nonlinear regime with respect to the
field strength. This approach enables a natural way to
take into account both the effects of temporal dispersion
due to the persistence of the medium response and the
effects of spatial dispersion due to the atomic motion.
As an example, we have investigated in detail the case
of polarization pulses of monochromatic field propagating
through the medium of two-level atoms with a dark tran-
sition Jg → Je in the approximation of only radiative re-
laxation. The system of differential equations (54)-(57),
completely describing the space-time dynamics of all real-
valued field parameters (the amplitude A, the common
phase α, the ellipticity angle ε and the spatial orientation
angle of field polarization ellipse φ), was derived. Proper
choice of the field parametrization resulted in that these
equations have a simple mathematical form and a clear
physical interpretation. Nontrivial fact is that the equa-
tions (54)-(57) form the certain hierarchy and require so-
lution in exactly that sequence as they are written, since
the solution of each next equation of the hierarchy re-
quire solutions of all overlying equations. From the anal-
ysis of the system (54)-(57) it follows that the amplitude
pulse A(t − z/c) travels at speed of light in free space,
whereas the pulses of ellipticity ε(t, z) and orientation of
the polarization ellipse propagate with slowing. For the
coefficients defining velocity of this pulses we obtained
analytical expressions for transitions Jg = J → Je = J
(J is integer) with one dark state and for transitions
Jg = J
′ → Je = J ′ − 1 (J ′ is arbitrary) with two dark
states. However, the most interesting result is related to
the specific behavior of the field phase α. In accordance
with Eq. (57) the change of spatial orientation of po-
larization ellipse yields the stimulated modulation of the
phase α. At the same time two phase pulses are exited at
the atomic medium boundary: “pilot” pulse moving at
the speed of light in vacuum and slow pulse propagating
with delay. Note that predicted pilot pulse effect takes
place only in an elliptically polarized field.
The presented results provide a better understand-
ing of the polarized radiation propagation in nonlinear
atomic media and can be applied in the field of optical
communications. Emphasize, that the described method
can be generalized to the case of an arbitrary number
of the field frequency components and atoms with any
energy levels structure.
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Appendix A: Transition Jg = J → Je = J (J is integer)
Taking into consideration only the radiative relaxation
γ of the exited level Je, we obtain from (8)-(12) the fol-
lowing standard system of GOBE [24]:(
∂
∂ t
+
γ
2
− iδ
)
ˆ˜ρeg =
i
~
(
Vˆ ρˆgg − ρˆeeVˆ
)
, (A1)(
∂
∂ t
+
γ
2
+ iδ
)
ˆ˜ρge =
i
~
(
Vˆ †ρˆee − ρˆggVˆ †
)
, (A2)(
∂
∂ t
+ γ
)
ρˆee =
i
~
(
Vˆ ˆ˜ρge − ˆ˜ρegVˆ †
)
, (A3)
∂
∂ t
ρˆgg − γ
∑
q=0,±1
Dˆ†q ρˆeeDˆq =
i
~
(
Vˆ † ˆ˜ρeg − ˆ˜ρgeVˆ
)
, (A4)
Tr {ρˆee}+Tr {ρˆgg} = 1. (A5)
Let us consider the case of transitions Jg = J → Je = J
(J is integer), for which in accordance with work [23] in
monochromatic elliptically polarized field there is only
one dark state |ψ(g)0 〉 satisfying the equation
Vˆ |ψ(g)0 〉 = 0. (A6)
Following [24], we introduce the basis of eigenfunctions
of operators Vˆ †Vˆ and Vˆ Vˆ †:
Vˆ Vˆ †|ψ(e)i 〉 = |λi|2|ψ(e)i 〉,
Vˆ †Vˆ |ψ(g)j 〉 = |λj |2|ψ(g)j 〉.
(A7)
States |ψ(e)i 〉 and |ψ(g)j 〉 form so-called “natural” basis of
ground and excited levels, respectively. In this basis, the
interaction operator Vˆ is a diagonal matrix
Vˆ =
∑
j
λj |ψ(e)j 〉〈ψ(g)j |. (A8)
The dark state |ψ(g)0 〉 corresponds to λ0 = 0:
Vˆ |ψ(g)0 〉 = λ0|ψ(e)0 〉 = 0. (A9)
Zeroth-order approximation ˆ˜ρ(0) in the expansion (16) is
defined only by the dark state |ψ(g)0 〉:
ρˆ(0)gg = |ψ(g)0 〉〈ψ(g)0 |, ρˆ(0)ee = 0, ˆ˜ρ(0)eg (ge) = 0. (A10)
Using the representation of the density matrix in natural
basis (A7), from the system of Eqs. (A1) – (A5) taking
into account the zero-order approximation (A10) it can
be shown that ρ
(1)
ee = 0, ˆ˜ρ
(1)
eg and ˆ˜ρ
(1)
ge have the form
ˆ˜ρ(1)eg =
∑
j
ρegj 0|ψ(e)j 〉〈ψ(g)0 |, ˆ˜ρ(1)ge =
∑
j
ρge0j |ψ(g)0 〉〈ψ(e)j |,
(A11)
i.e. only those elements of the optical coherences are
different from zero in the first order, which “catch” on
the dark state. All nonzero elements of ˆ˜ρ
(1)
eg and ˆ˜ρ
(1)
ge are
found from the equation
∂
∂ t
ρˆ(0)gg =
i
~
(
Vˆ † ˆ˜ρ(1)eg − ˆ˜ρ(1)ge Vˆ
)
. (A12)
Substituting (A8) and (A10) to (A12) and multiplying
obtained equation on the left by 〈ψ(g)j | and on the right
by |ψ(g)0 〉, we have
〈ψ(e)j | ˆ˜ρ(1)eg |ψ(g)0 〉 = −
i~
λ∗j
〈ψ(g)j |
∂
∂t
ψ
(g)
0 〉. (A13)
The time derivative of equation (A6) yields the relation
Vˆ | ∂
∂ t
ψ
(g)
0 〉 = −
(
∂
∂ t
Vˆ
)
|ψ(g)0 〉. (A14)
From (A14) and (A8) we find
〈ψ(g)j |
∂
∂ t
ψ
(g)
0 〉 = −
1
λj
〈ψ(e)j |
(
∂
∂t
Vˆ
)
|ψ(g)0 〉. (A15)
Substituting (A15) into (A13), we obtain expression for
the nonzero matrix elements of the optical coherence ˆ˜ρ
(1)
eg
in basis (A7):
ˆ˜ρ(1)eg = i~
∑
j 6=0
1
|λj |2 |ψ
(e)
j 〉〈ψ(e)j |
(
∂
∂ t
Vˆ
)
|ψ(g)0 〉〈ψ(g)0 |.
(A16)
The polarization vector, using the formulae (22) and
(A16), can be expressed as
P˜(t, z) = i~NaMˆ
∂
∂ t
E˜, (A17)
where the components of the Hermitian matrix Mˆ are
Mq
q′ =
∑
j 6=0
1
|λj |2 〈ψ
(g)
0 |(dˆ1qeg)†|ψ(e)j 〉〈ψ(e)j |dˆ1q
′
eg |ψ(g)0 〉.
(A18)
From (30) and (A18) we find
m⊥ = (e
∗
⊥ · Mˆe⊥) =
1
A2
∑
j 6=0
1
|λj |2 〈ψ
(g)
0 |
( ∂
∂ε
Vˆ
)†
|ψ(e)j 〉〈ψ(e)j |
( ∂
∂ε
Vˆ
)
|ψ(g)0 〉.
(A19)
The derivative of (A6) with respect to ellipticity angle ε
yields the identity(
∂
∂ε
Vˆ
)
|ψ(g)0 〉 = −Vˆ |
∂
∂ε
ψ
(g)
0 〉. (A20)
Substituting (A20) into (A19) and taking into consider-
ation the relations∑
j 6=0
|ψ(g)j 〉〈ψ(g)j | = 1ˆ− |ψ(g)0 〉〈ψ(g)0 |, (A21)
〈 ∂
∂ε
ψ
(g)
0 |ψ(g)0 〉 = 〈ψ(g)0 |
∂
∂ε
ψ
(g)
0 〉 = 0, (A22)
9we find
m⊥ =
1
A2
〈 ∂
∂ε
ψ
(g)
0 |
∂
∂ε
ψ
(g)
0 〉. (A23)
Let us express the slowing factor m⊥ in the following
form
m⊥ =
1
A2
〈 ∂
∂ε1
ψ
(g)
0 (e1)|
∂
∂ε2
ψ
(g)
0 (e2)〉
∣∣∣∣
ε1=ε2=ε
=
1
A2
∂2
∂ε1∂ε2
〈ψ(g)0 (e1)|ψ(g)0 (e2)〉
∣∣∣∣
ε1=ε2=ε
, (A24)
i.e. we first calculate the scalar product for dark states
associated with two independent elliptical polarization
vectors e1 and e2, then we put in obtained expression
ε1 = ε2 = ε. Major axis of polarization ellipses are con-
sidered parallel (i.e. φ1 = φ2 = φ), that does not affect
the final answer.
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FIG. 3. Slowing factor m⊥ as function of ellipticity angle ε
for the transitions Jg = J → Je = J (J is integer).
In work [24] the explicit invariant form of dark states
were represented in form of expansion in the Zeeman
wave functions |Jg, µg〉 has been found:
|Ψ(nc)〉 ≡ |ψ(g)0 〉 =
∑
µg
(−1)−µgΨ(nc)Jg−µg |Jg, µg〉. (A25)
For the transition Je = J → Jg = J (J is integer) in [24]
it was obtained
Ψ
(nc)
J = N{e}J , (A26)
normalization factor N is given the formula
N =
[
J !
(2J − 1)!! |e · e|
J
PJ
(
1
|e · e|
)]− 1
2
, (A27)
where PL(x) is the Legendre polynomial. Here we have
used the notation for tensor product of the identical vec-
tors whose rank is equal to the number of its constituent
vectors [25]
{e}J = {...{{e⊗ e}2 ⊗ e}3...⊗ e}J . (A28)
An expression {DL1 ⊗ DL2}L is the irreducible tensor
product of rank L of the irreducible tensors DL1 and
DL2 of ranks L1 and L2, respectively (for example, see
[28]).
From expression for wave polarization vector (28) we
find that scalar product (e · e) has the form
(e · e) = cos 2ε ≥ 0 (−pi/4 ≤ ε ≤ pi/4) . (A29)
Using the results of [25], we find
({e1}J , {e2}J) =
J !
(2J − 1)!!
(
(e1 · e1)(e∗2 · e∗2)
) J
2 PJ
(
(e1 · e∗2)√
(e1 · e1)(e∗2 · e∗2)
)
=
J !
(2J − 1)!!
(√
cos 2ε1 cos 2ε2
)J
PJ
(
cos (ε1 − ε2)√
cos 2ε1 cos 2ε2
)
.
(A30)
The final expression for m⊥ can be written as
m⊥ =
1
A2
[
x2ε(x
2
ε − 1)
d2
dx2ε
+ x3ε
d
dxε
]
lnPJ (xε), (A31)
here, we use the notation
xε =
1
cos 2ε
. (A32)
From the general expression (A31) for pulses with ar-
bitrary ellipticity a simple form of m⊥ follows for two
extreme particular cases of polarization: linear
m⊥(J, ε = 0) =
1
A2
J(J + 1)
2
(A33)
and circular
m⊥(J, ε = ±pi/4) = 1
A2
J
2J − 1 . (A34)
The dependence of slowing factor m⊥ on elipticity angle
ε for some transitions is shown in Fig. 3.
Appendix B: Transition Jg = J → Je = J − 1 (J is
arbitrary)
Let us consider other transitions Jg = J → Je = J − 1
(J is arbitrary) with coherent population trapping. For
such level structure, according to [23], by resonant in-
teraction with the elliptically polarized radiation there
are two independent systems of the Zeeman sublevels as-
sociated light-induced transitions. One of them begins
from sublevel |Jg, µ = −Jg〉, and other begins from the
|Jg, µ = −Jg + 1〉. In this case, there are always two in-
dependent dark states |ψ(nc)1 〉 and |ψ(nc)2 〉, which are co-
herent superposition of the Zeeman sublevels of ground
level and satisfy the equations:
Vˆ |ψ(nc)1 〉 = 0, Vˆ |ψ(nc)2 〉 = 0. (B1)
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Zeroth-order approximation for density matrix ˆ˜ρ(0) in
the expansion (16) corresponds to stationary solution for
monochromatic wave and is determined by contribution
of each dark state
ρˆ(0)gg = p1|ψ(nc)1 〉〈ψ(nc)1 |+ p2|ψ(nc)2 〉〈ψ(nc)2 |,
ρˆ(0)ee = 0, ρˆ
(0)
eg(ge) = 0,
(B2)
where p1 + p2 = 1, p1 and p2 are the population of
dark states. In the first order perturbation theory from
equation (18) taking into account (B2) for optical coher-
ences it follows that are different from zero only elements,
which end in one of the dark states
ˆ˜ρ(1)eg =
∑
j
(
ρegj1 |ψ(e)j 〉〈ψ(nc)1 |+ ρegj2 |ψ(e)j 〉〈ψ(nc)2 |
)
,(B3)
ˆ˜ρ(1)ge =
∑
j
(
ρge1j |ψ(nc)1 〉〈ψ(e)j |+ ρge2j |ψ(nc)2 〉〈ψ(e)j |
)
.(B4)
From (A8), (A12) and (B2) we find
ρeg
j1(2) = −
i~
λ∗j
p1(2)〈ψ(g)j |
∂
∂t
ψ
(nc)
1(2) 〉. (B5)
Using the identity
〈ψ(g)j |
∂
∂t
ψ
(nc)
1(2) 〉 = −
1
λj
〈ψ(e)j |
( ∂
∂t
Vˆ
)
|ψ(nc)1(2) 〉, (B6)
from (B3) and (B5) we obtain expression for ˆ˜ρ
(1)
eg
ˆ˜ρ(1)eg = i~
∑
j 6=1,2
1
|λj |2
[
p1|ψ(e)j 〉〈ψ(e)j |
( ∂
∂t
Vˆ
)
|ψ(nc)1 〉〈ψ(nc)1 |
+ p2|ψ(e)j 〉〈ψ(e)j |
( ∂
∂t
Vˆ
)
|ψ(nc)2 〉〈ψ(nc)2 |
]
. (B7)
Polarization vector of the medium as in the case of J → J
transitions can be written in the form
P˜(t, z) = i~NaMˆ
∂
∂ t
E˜, (B8)
where components of the Hermit matrix Mˆ are given by
Mq
q′ =
∑
j 6=1,2
1
|λj |2
[
p1〈ψ(nc)1 |
(
dˆ1qeg
)†|ψ(e)j 〉〈ψ(e)j |dˆ1q′eg |ψ(nc)1 〉
+ p2〈ψ(nc)2 |
(
dˆ1qeg
)†|ψ(e)j 〉〈ψ(e)j |dˆ1q′eg |ψ(nc)2 〉]. (B9)
For the eigenvalue m⊥ of matrix Mˆ we obtain the ex-
pression
m⊥ =
1
A2
[
p1〈 ∂
∂ε
ψ
(nc)
1 |
∂
∂ε
ψ
(nc)
1 〉+p2〈
∂
∂ε
ψ
(nc)
2 |
∂
∂ε
ψ
(nc)
2 〉
]
.
(B10)
Derivation of the formula (B10) is similar to one of the
formula (A23) with taking into consideration the rela-
tions
〈ψ(e)j |
( ∂
∂ε
Vˆ
)
|ψ(nc)1(2) 〉 = −λj〈ψ(g)j |
∂
∂ε
ψ
(nc)
1(2) 〉, (B11)∑
j 6=1,2
|ψ(g)j 〉〈ψ(g)j | = 1ˆ−
∑
k=1,2
|ψ(nc)k 〉〈ψ(nc)k |, (B12)
〈 ∂
∂ε
ψ
(nc)
1(2) |ψ(nc)1(2) 〉 = 〈ψ(nc)1(2) |
∂
∂ε
ψ
(nc)
1(2) 〉 = 0 (B13)
and orthogonality of the dark states.
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FIG. 4. Slowing factor m⊥ as function of ellipticity angle ε
for the transitions Jg = J → Je = J − 1: J is integer (solid
line) and J is half-integer (dashed line).
For convenience in subsequent calculations we denote
as |Ψ(nc)+ 〉 the dark state connected with first chain of
sub-levels, and as |Ψ(nc)− 〉 the dark state connected with
second Λ-chain
|Ψ(nc)+ 〉 = |ψ(nc)1 〉, |Ψ(nc)− 〉 = |ψ(nc)2 〉. (B14)
The form of these states has been derived in [24]
|Ψ(nc)± 〉 =
∑
µg
(−1)−µgΨ(±)Jg−µg |Jg, µg〉, (B15)
where two linearly independent orthonormal tensors Ψ
(+)
J
and Ψ
(−)
J were expressed in terms of a pair of circular
vectors
Ψ
(±)
J =
{c(1)}J ± {c(2)}J√
2
[
1± ({c(1)∗}J · {c(2)}J)] . (B16)
Vectors c(1) and c(2) are defined by the field polarization
vector the following invariant way
c
(1,2) =
[e× [e× e∗]]± i [e× e∗]√(e · e)√
(1− |e · e|2) (1 + |e · e|) . (B17)
Substituting the expression for the wave polarization vec-
tor (28) in the formula (B17) we find
c
(1,2) =
sin 2ε
cos ε
√
2 sin2 2ε
[
sin
(
ε− pi
4
)
eiφe−1
− cos
(
ε− pi
4
)
e−iφe+1 ±
√
cos 2ε e0
]
. (B18)
In the case when one of the vectors a or b (or both) in
the scalar product (A30) is circular, then it is right the
identity
({a}J , {b}J) = ({a}J · {b∗}J) = (a · b∗)J . (B19)
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With account for the relation (B19) and expression
(B18), from (B16) it follows
Ψ
(±)
J =
{c(1)}J ± {c(2)}J√
2 [1± (tan ε)2J ] . (B20)
Differentiate the equation (B20) with respect to elliptic-
ity angle ε
∂
∂ε
Ψ
(±)
J =
[
2
(
1± (tan ε)2J)]− 12( ∂
∂ε
{c(1)}J
± ∂
∂ε
{c(2)}J
)
∓ 2J(tan ε)2J−1(1 + tan2 ε)
×[2(1± (tan ε)2J)]− 32 ({c(1)}J ± {c(2)}J) (B21)
and using the method of calculating the scalar products
in (B10) described in detail for J → J (J is integer)
transitions, we obtain
〈 ∂
∂ε
Ψ
(nc)
± |
∂
∂ε
Ψ
(nc)
± 〉 =(
∂
∂ε1
Ψ
(±)
J (e1),
∂
∂ε2
Ψ
(±)
J (e2)
)∣∣∣∣
ε1=ε2=ε
=
J
2
(1 + y2ε)
2
1± y2Jε
[
1∓ y2J−2ε
1− y2ε
± 2Jy
2J−2
ε
1± y2Jε
]
, (B22)
where the notation is introduced
yε = tan ε. (B23)
In deriving of (B22) the following relations were used
({c(1)(ε1)}J , {c(1)(ε2)}J ) = ({c(2)(ε1)}J , {c(2)(ε2)}J)
=
(
cos (ε1 − ε2) +
√
cos 2ε1 cos 2ε2
2 cos ε1 cos ε2
)J
, (B24)
({c(1)(ε1)}J , {c(2)(ε2)}J) = ({c(2)(ε1)}J , {c(1)(ε2)}J)
=
(
cos (ε1 − ε2)−
√
cos 2ε1 cos 2ε2
2 cos ε1 cos ε2
)J
. (B25)
Thus, the slowing factor m⊥ for polarization pulses in
case of the transitions J → J−1 (J is arbitrary) is given
by
m⊥ =
J(1 + y2ε)
2
2A2
[
p1
(
1− y2J−2ε
(1− y2ε)(1 + y2Jε )
+
2Jy2J−2ε
(1 + y2Jε )
2
)
+p2
(
1 + y2J−2ε
(1− y2ε)(1 − y2Jε )
− 2Jy
2J−2
ε
(1− y2Jε )2
)]
. (B26)
From this general expression assuming p1 = p2 = 1/2
a simple form of m⊥ follows for two extreme particular
cases of polarization, linear:
m⊥(J, ε = 0) =
1
A2
J
2
, (B27)
and circular:
m⊥(J, ε = ±pi/4) = 1
A2
(4J − 1)(2J − 1)
6
. (B28)
The dependence of m⊥ on elipticity angle ε for some
transitions is shown in Fig. 4. The population of the
dark states is assumed equal (p1 = p2 = 1/2).
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